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THEORY OF PROPENSITY 

A New Foundation of Logic 

The theory of probabilities is simply the science of 
logic quantitatively treated - Charles S. Peirce32 

ABSTRACT. Boolean logic and set theory are so closely bound up that it is hard to say 
which is the foundation of which. Yet, we may say that the backbone of this theoretical 
complex is the Axiom of Comprehension. But, this Axiom, at the same time, is precisely 
the most vulnerable assumption in the whole of logical philosophy. While the binary
valued characteristic function of predicates is instrumental in expressing the Axiom of 
Comprehension, our analysis of scientific obervation, in particular in psychology, suggests 
that we have to introduce what we call a "propensity function." This is, roughly speak
ing, a continuous-valued generalization of the characteristic function. Whereas the 
characteristic function leads to a distributive logic, we can derive a non-distributive 
logic from the propensity function. If we further introduce the assumption of compati
bility (experimental results of two predicates do not depend on the order of the two 
observations), we can derive distributive logic, the usual laws of probability, set theory 
and the usual notion of extension of a predicate (Law of Comprehension). If we do not 
adopt the assumption of compatibility, our theory provides the framework for quantum 
mechanics, and hopefully, for future psychology. This way of deriving logic from a 
probability-like propensity function seems to be more desirable than the usual way of 
positing logical laws without unifying justification, because we can derive first a more 
general logic and then therefrom a more restrictive logic as a special case using a small 
number of clearly stated postulates. The necessity for modification of the Quinian 
defmition of ontological commitment will be indicated. 

1. LOGIC AS AN EMPIRICAL SCIENCE FORMULATED WITH THE 
HELP OF MATHEMATICS 

I am perfectly aware that what I am going to say in this paper will irritate the 
logicians; and I have no intention of arguing with them, because they are 
bound to be right and I am bound to be wrong. That is owing to the fact 
that they would judge a philosophical thesis from the point of view of logic. 
What is acceptable to the narrow logical mind is good and whatever tries to 
go beyond the usual logical framework is bad. The title of my paper is already 
preposterous. Logic can be the foundation of anything else, but can there be 
anything else as the foundation of logic? 

To me, logic is only one of the empirical sciences. The logical laws are to 
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be inductively derived from the examples of argumentation that most people 
would agree to consider sound. Now, to formulate empirical laws, mathe
matics provides very effective tools. I do not care whether logicians find 
arithmetic a formal system or not, whether it is complete or incomplete. 
What is important is that mathematics has proved, in every case in the past, 
to be useful and effective in formulating empirical laws. I do not have any 
hesitation in using mathematics as it is practiced by empirical scientists to 
formulate the empirical laws of logic. 

Now, one and the same branch of science allows itself to be formulated 
in different ways. The same dynamics can be formulated in the form of a 
differential equation and in the form of an extremum principle. likewise 
thermodynamics can be formulated as the impossibility of two kinds of 
perpetual motion or in the form of axiomatic principles Ii fa Caratheodory, 
or in many other different schemes. What I want to do is more or less in line 
with the axiomatic formulation in physics. I am not doing this to satisfy the 
taste of logicism, but because it expresses in a nutshell what is the most 
important empirical ingredients to make a consistent discipline. 

In deriving the so-called quantum logic, Birkhoff and von Neumann29 used 
the whole set-up of the Hilbert space as a starting point. Modern authors 
assume also the ready-made edifice of quantum mechanics upon which to 
build their logic". However, as early as in 1936, K. Husimi30 showed the 
possibility of arriving at quantum logic starting from a very few experimental 
facts about atomic physics without relying on elaborate quantum mechanics. 
My approach adopted in the present paper is still much less restrictive than 
Husimi's assumptions. As a matter of fact, I do not commit myself at all to 
atomic physics. I shall show that I can arrive at a (non-distributive) logic of a 
very general nature from a few very simple assumptions. Another additional 
assumption will lead us smoothly over to the usual Boolean logic. 

In short, what I am going to do is this: using mathematics unhesitatingly 
as a tool, without asking the logical justification of mathematics, I will derive 
the laws of logic, both distributive and non-distributive, from assumptions 
which can be expressed in mathematical formulas. If the logic thus obtained 
can give justifications to the mathematics used, the circle will be closed, but 
this should be a question of the next step. 

There could be a doubt of a fundamental nature that might be raised 
against my claim of producing a new type of logic using mathematics. Whether 
one considers mathematics as based on set theory and set theory as based 
on logic or one regards mathematics, set theory and logic as a single body 
in which logic and set theory play the role of unifying agents, they are all 
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espoused to Boolean logic. How can a non-Boolean logic be derived from 
mathematics? My answer is that I am deriving a non-Boolean logic not from 
mathematics but from assumptions formulated in mathematical terms. In 
other words mathematics provides a meta-language, and the ensuing non
Boolean logic is the object language. Since the non-Boolean object language 
includes the Boolean meta-language as a special case applicable to a subset 
of propositions, there is no self-contradiction in my approach. 

The situation is somewhat analogous to the relation between Euclidean 
geometry and non-Euclidean geometry. It is clear that non-Euclidean geom
etry includes Euclidean geometry as a special case. But, conversely, we can 
introduce a non-Euclidean geometry from Euclidean geometry by examining 
what is happening on a curved subspace within Euclidean space. For instance, 
what is going on on a 2-dimensional spherical surface within a 3-dimensional 
Euclidean space is non-Euclidean. Thus, it is true that Euclidean geometry 
can be derived from non-Euclidean geometry, but non-Euclidean geometry 
can be discovered using the framework of Euclidean geometry. Similarly, non
Boolean logic can be discovered using the framework of Boolean logic. 

What is to be emphasized in this paper is that Boolean logic is justified as 
a special case in the framework of generalized logic, which in turn can be 
derived from an assumption of an easy epistemological interpretation. This 
gives a broader foundation to our usual logic. It is customary to accept the 
laws of logic as unexplained, underived, unquestioned truth and it is not a 
traditional philosophical enterprise to look for a foundation for logic; but 
such an effort is deemed necessary now that a more general logic such as 
quantum logic is actually found needed and useful in a viable branch of 
science of this century. 

To those readers whose views are limited by the old prejudice fixed to the 
usual logic, this paper may look a wasteful circularity in that it starts with 
Boolean logic and ends up with Boolean logic. But to those whose views are 
oriented to the future of philosophy of science, this paper, in spite of many 
rough and defective spots, will provide an entirely new vista. 

2. THE SET THEORETIC FOUNDATION OF LOGIC 

Set theory may not have existed before Cantor, but the isomorphism between 
logic and the structure of subsets was already clearly demonstrated by the 
so-called Euler diagram, if one realizes that an area in a plane is a set of points. 
Through the works of Leibniz, Boole, Cantor, Frege and modem authors, the 
development of formal logic and that of set theory have been so intimately 
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intertwined with each other that it would look meaningless to say which 
of the two is the foundation of the other. When, in the past, I stated that 
ordinary logic can be derived from the Frege principle,1,2 I meant that the 
distributive lattice structure of propositions can be derived from the principle 
that each predicate (concept, attribute) has a definite well-defined extension. 
Experts in logic and set theory will immediately object and tell me that what 
I call the Frege principle is only the Axiom of Comprehension in modern set 
theory and that the entire logic cannot ensue from this. This may be so, but 
what I am interested in is the gist of the situation and not details, refinements 
or flawless axiomatization. Neither am I here interested in the questions per
taining to infinity and cardinality. Some critics may say that the Boolean 
nature of set theory is independent of the Axiom of Comprehension. The 
answer to this is that the bridge between logic as the study of the structure of 
relationships among sentences and the Boolean core of set theory is precisely 
the Axiom of Comprehension. 

What I want to say is simply the following. I hope the reader will bear 
with some of the trivialities I have to ponder upon here, because they will 
prove to be useful for later comparison. The starting point is the postulate 
that "A predicate is either definitively affirmed or definitively negated by 
an object (to which the predicate is applicable)."2 For simplicity, we shall 
hereafter usually omit the qualifying phrase "to which the predicate is 
applicable." We agree to write f(A, x) = 1 if object x affirms predicate A 
and f(A, x) = 0 if x negates A, where f(. , .) is the characteristic function of 
two variables, a predicate and an object. 

The starting postulate then means 

(2.1) f(A, x) = 1 

for some, well-determined (by A) objects. The set of objects x for which 
(2.1) is the case, i.e., {xlf(A, x) = l}, is the extension of A which is well 
defined. For the remainder of the objects (to which the predicate is appli
cable) we have 

(2.2) f(A, x) = o. 
Either (2.1) or (2.2) is supposed to be always the case for any A and any x 
under consideration. 

The predicate which we denote by A n B is such that it is affirmed if and 
only if both A and B are affirmed. Due to (2.1) and (2.2), we have then 

(2.3) f(A nB, x) = f(A, x)f(B, x) for all x. 
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Similarly, A U B being affirmed if A or B or A and B are affirmed can be 
defined by 

(2.4) f(A U B, x) = f(A, x) + f(B, x) - f(A, x)f(B, x) for all x; 

and IA being affirmed if and only if A is not affirmed can be defined by 

(2.5) f( lA, x) = I - f(A, x) for allx. 

We further assume the existence of two special predicates: constant truth 0 
and constant falsehood (/). 

(2.6) 
(2.7) 

f(O, x) = I 
f«(/),x) = 0 

for all x; 
for allx. 

We define the equivalence of two predicates A and B by: 

(2.8) if f(A, x) = f(B, x) for all x, then A = B. 

The identity, or at least indistinguishableness, of two objects is defined by 

(2.9) iff(A,x)=f(A,Y) for all available A , then x = y. 

From the definitions (2.3)-(2.8), we can derive all the laws of the com
plemented distributive lattice which form the basic axioms of logic. They 
include the idempotent law, commutative law, associative law, absorptive 
law, distributive law, law of double negation, law of contraposition, law of 
contradiction, law of excluded middle, De Morgan's law, etc. 

For instance, the distributive law: (A n B) U C = (A U C) n (B U C) 
can be proven by showing that both f[ (A n B) U c, x] and f[(A U C) n 
(B U C), x] are equal tof(A, x)f(B, x) + f(C, x) - f(A, x)f(B, x)f(C, x) 
for all x. The logical deduction, which is usually written A, A ::) B ---* B , can 
be proven in the present formalism as follows. From A = 0 and IA U B = 0, 
we obtain B = 0, because from the first two we have (/) U B = 0, which is 
possible if and only if B = O. The two symbols ---* and = are relations between 
propositions, whereas n, u, I are connectives. The horseshoe::) is a connec
tive such that A ::) B is equivalent to IA U B. See p. 540 of the reference 
quoted under note 2, for the relation between lattice-theoretic formalism and 
the usual notations in logic. 

3. 3. DOUBTS ABOUT THE FREGE PRINCIPLE 

The Frege principle of the existence of definite extension, or its reformu
lation (2.1) and (2.2) of the last section, is open to various objections or 
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skeptical assessment. Some of them are related and some are not, but all of 
them point to some vulnerability of this principle. 

(i) Selfidentity o[Object. The root of this problem goes back to the old phil
osophical problem regarding "substance and attributes." A careful analysis of 
the concept of substance reveals that the guarantee of self-identity has to 
rely on some kind of observation, thus forcing us to reduce substance to 
attributes. Classical atomism seems to have given an answer to this question, 
but the modern theory of elementary particles has destroyed this illusion 
denying a self-identity to elementary particles. Quantum theory gave a new 
way out by replacing the relation between object and predicate by a relation 
between two observations. This solution is certainly in the right direction, 
but the difficulty of the idea of self-identical object has in reality not disap
peared. Indeed, the two observations are supposed to be made on an identical 
system, such as a portion of a vacuum, but the guarantee of the identity of 
the system is only given by such a vague notion as isolation from the exterior 
system. This is a problem of a different order from the main topic of the 
present paper, but we shall come back to it toward the end of our paper. 

(ii) Primary and Secondary Qualities. Classical atomists knew already that 
some of the qualities we associate with an object are not possessed by the 
underlying reality which is atoms. The distinction between the primary and 
secondary qualities was revived by Robert Boyle and John Locke and became 
a topic of much controversy. But, the modern solution to this problem seems 
to dismiss all the secondary qualities as authentic predicates, and recognize as 
the genuine predicates only those that can be measured by scientific methods. 
Does this solution withstand the objection made by Berkeley at the early 
stage of the controversy? The answer would be in the affirmative if so-called 
scientific measurement on a system in a well-defined situation would always 
give one and the same result. But there is no such guarantee. The distinction 
between primary and secondary qualities is not so clear-cut. I am not talking 
about the now-popUlar notion of theory-laden-ness of observation. 13 I am 
talking about such scientific observations as those we use in psychology and 
atomic physics. In those areas, the object-system considered to be in the same 
state is capable of giving diverse observational results. This destroys the fixed 
relation between objects and attributes. 

(iii) Fuzzy Set. I cannot believe that anything fundamentally revolutionary 
will come out of Zadeh's idea of a fuzzy set,3 but his theory has gained a 
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certain degree of popularity and obtained some interesting results. To say the 
least, the starting point of the theory has a certain appealing aspect. Take any 
common predicate such as tall, beautiful, bald, etc. Nobody can say with 
certainty that such and such a person is tall or bald. All is a matter of degree. 
Therefore, Zadeh suggests the discrete-valued characteristic function (2.1) 
and (2.2) should be replaced by a membership function, which takes con
tinuous values between 0 and 1 : 

(3.1) O~[(A,x)~l. 

The reason why I do not believe that the fuzzy set theory will produce much 
of a deep-seated and fruitful innovation is four-fold. (a) In the case of classi
cal logic, the distributive lattice structure can be derived from the discrete
valued characteristic function. If Zadeh's membership function is supposed to 
be a legitimate generalization of the characteristic function, then we should 
expect this function to fulfIll, mutatis mutandis, a similar role. However, if 
we carry out this plan we land a logical formalism not essentially different 
from the Boolean logic, manifesting no traits of the fuzziness of our daily 
reasoning. Instead, the only difference from Boolean logic turns out to be 
the breakdown of the law of excluded middle and the law of contradiction. 
But, the mechanism of this breakdown is so transparently trivial that it does 
not allow for any interesting interpretation. (b) If tallness or baldness is a 
matter of degree, we can redefine the predicate by quantizing the height or 
the number of hairs. (For instance, baldness of class n means the number of 
hairs is less than n.) Such quantized predicates will obey the Frege principle 
and nothing fundamentally new will ensue. (c) The membership function is 
supposed to express the fuzziness of our everyday concepts, but ironically 
the entire theory depends critically on the precise values of membership 
functions. (d) Zadeh assumes 

(3.2) [(A nB,x)=Min [[(A,x), [(B,x)]; 
f(A UB,x)=Max [[(A,x), [(B,x)]. 

While it can be shown that (3.2) is sufficient not to contradict the laws of 
Boolean lattice, there is no necessity to choose this particular assumption. (e) 
The subjective theory of probability allows for an objective measurement of 
the subjectively conceived degree of probability. In contrast, the fuzzy set 
theory assumes that the membership function is a purely subjective quantity 
which cannot be measured by any objective means. See references 37 and 
38 for further criticism of Zadeh's theory. In spite of all these defects, it is 
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significant that the Frege principle in the sense of (2.1) and (2.2) has been 
put in doubt with a certain degree of plausibility by the fuzzy set theory. 

(iv) Russell's Paradox and Frege. Frege's reaction to Russell's paradox, 
expressed in the Appendix of his Grundgesetze der Arithmetik, is a well
known anecdote in the history of logic. 

Einem wissensch3.ftlichen Schriftsteller kann kaum etwas Unerwiinschteres, als d~ ihm 
nach Vollendung einer Arbeit eine der Grundlagen seines Baues erschiittert wird. In diese 
Lage wurde ich durch einen Brief des Herm Bertrand Russell versetzt, als der Druck 
dieses Bandes sich seinem Ende niiherte. Es handelt sich um mein Grundgesetz (V).s 

His axiom V states that the extensions of two concepts coincide if and 
only if the two concepts are equivalent in the sense of our (2.8). Frege first 
tells us that from the beginning he was not so sure about the self-evidence of 
this axiom. Not only has he expressed a doubt about the specific axiom (V), 
but he also expressed in this Appendix a broader suspicion that there may be 
concepts that do not have definite extension. Even Russell himself, before he 
developed his theory of logical types seems to have sympathized with Frege's 
doubt.6 

Russell's paradox has nothing to do with what I am going to say in this 
paper. But, it is extremely significant that these two giants in the development 
of logic were readily prepared to doubt the validity of the Frege principle. 

(v) Probability and Logic. According to present-day probability theory, the 
probability function is to be defined on a a-algebra, which obeys all the laws 
of the Boolean lattice, except that the countably infinite conjunction and 
disjunction are allowed here. This means probability presupposes the Boolean 
logic governing the propositions to which probability is to be attached. But, 
is this not a wrong way of derivation? It seems to me that logical implication 
is a special case of conditional probability and that probability conceptually 
precedes logic. From this point of view, the discrete-valued characteristic 
function seems to be a special degenerate forin of probability. (Eq. (2.1) 
means that the probability is one that something that is found to be x turns 
out to satisfy A.) I cannot elaborate this thOUght further at this point, but 
the reader will find that it underlies our development in this paper. 7 

4. PSYCHOLOGICAL OBSERVATION AND PROPENSITY AUTOMATA 

Boolean logic is believed to be valid not only for observational propositions 
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but also for any abstract propositions. But, the area of application in which 
the Frege principle is considered most firmly secured is that of scientific 
observational propositions. For this reason, it may be worthwhile to reflect 
on what is going on in actual sciences. The special domain I propose to dis
cuss here is psychology - in particular, learning theory. But, our theory of 
propensity is not committed to the following view of psychology. 

What kind of observations are available in psychology? Question and 
answer or stimulus and response is about all. No psychologist would pretend 
that the answer or response behavior is predictable with probability one. 
All psychology can do is to assign a probability to each possible answer or 
behavior pattern. 

To this statement, the deterministically inclined philosophers will object 
and say that predictability and determination are two different things. Even 
if psychologists cannot predict, the answer or response behavior is well deter
mined by the neuro-physiological state of the body of the subject. I do not 
agree with this deterministic judgment for four reasons. (I) A neuro-physio
logical variable is not a psychological variable. Hence, neuro-physiological 
determinism does not make psychology deterministic. Elsewhere I set out 
my objection to reductionism in genera1. 34 (2) A living organism is an open 
system. Hence, its internal state cannot determine its future state. (3) A living 
organism has a partially entropy-decreasing tendency. In an entropy-de
creasing system the usual causality does not apply. See my articles on 
causality cited in notes 8 and 35. (4) Atomic physics is not deterministic, 
and a living organism contains a powerful amplification system which can 
immensely enlarge atomic fluctuations. Hence the entire behavior is non
deterministic. 

It is quite natural that, for the psychological theory oflearning9 the basic 
quantity is the response probability 

(4.1) o ';;;;f(Aj,x)';;;; 1 i=1,2, ... ,n; 

where the index i designates one of the mutually exclusive response patterns 
which are usually assumed to be exhaustive too: 

n 
~ f(Aj,x) = 1. 

(4.2) 

j = 1 

This assumption of disjointness and exhaustiveness is a characterization of 
the experimental set-up and has no direct reference to the logical structure 
that the A's should obey. We can take one of the A's and call all the other 
possibilities bundled up as iA, and assume 
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(4.3) [(A, x) + [(lA, x) = 1 

Since the learning process is a time sequence, we should consider [(A, x) 
as a function of (discretized) time v: [(II) (A, x). Learning theory must, then, 
be a theory that allows us to derive the (v + 1 )st response probability p II + 1 ) 

(A, x) from p") (A, x) and the v-th stimulus-response, v-th reinforcement 
and the (v + 1 )st stimulus. More generally, the theory can introduce a gen
erating function 1/1(11) (x) of x at v, and specify a method to derive 1/1(11 + 1) 

(x) from 1/1(11) (x) with the help of the v·th stimulus·response, the v-th 
reinforcement and the (v + 1 )st stimulus. The theory has to include a pre
scription to calculate Ji II) (A, x) from 1/1(11) (x). 

Such a theory is very general and can be taken as a model that any time
dependent scientific theory should follow. A deterministic dynamical law is 
of course included as a special case if we limit ourselves to the case where 
[(A, x) = 0 or 1. The actual phenomenon will be the locus of A satisfying 
[(A, x) = 1. 

The general case where [is continuously valued, the object which develops 
according to this law is what I call the propensity automaton4 . It is instructive 
to compare this with the deterministic (finite) automaton, the stochastic 
automaton and the fuzzy automaton. See notes 10 and 11 for general surveys 
of stochastic automata as learning models. See note 12 for fuzzy automata. 

At each step (or time v), the deterministic automaton can take anyone of 
the m states qi E Q, i = 1,2, ... ,m and receives one of the r possible inputs 
ai E I, i = I, 2, ... , r, and issues one of the s possible outputs b i E 0, i = 1, 
2, ... , s. The state q (II + 1) at the (v + 1 )st step is a deterministic function 
of the state q(II) and the input a(II) at the v-th stage: 

(4.4) q(II + 1) =F(q(II),a(II». 

The output b (II) at the v-th stage is a deterministic function of the state q (II) 
at the v-th stage 

(4.5) b(II) = G(q(II». 

The concept of stochastic automata is obtained ~y replacing the deter
ministic function F and G by conditional probabilities. Thus the stochastic 
automaton is defined by 

(4.6) p}r) (ak) = Prob. {q(v+ 1) = qiiq (v>=qj,a(II>=ak}, 

and 
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In a fuzzy automaton, we take a triplet ~ = {q(1I + 1), a(II), q(II)} as a 
point and consider a vaguely defined subset I/> of these points. There is no 
certainty about a point belonging or not belonging to a fuzzy set 1/>, but there 
is a "grade" f of ~ belonging to I/> which ranges from 0 to 1: 0 ~f( 1/>, n ~ 1. 
This grade function f( 1/>, ~) might seem to be similar to the probability of ~ 
happening in reality, but the difference becomes clear if we consider the 
combination rule. The grade of transition in two steps from q (II) = q i to 
q (II + 2) = q j when the inputs are a (II) = a p' a ( II + 1 ) = a I, is given by 

(4.8) 

or by 

(4.9) 

Such a definition is irreconcilable with the concept of probability, and we 
cannot find an appropriate interpretation. 

There is a widespread misunderstanding that the learning theory of psy
chology can be represented as a stochastic automaton. The truth is that in 
a very special case where the (v + 1 )st stage response probabilities and the 
(v)-th stage response probabilities are related by a Markov chain-like relation, 
we can take an infinitely many stochastic automata and the response prob
ability will be represented by the relative frequency of each state in this 
collection of infinitely many stochastic automata. If the psychological model 
is a non-homogeneous linear one, such a comparison is impossible. Likewise, 
in a case like Luce's (3-model of learning, a simulation by a stochastic auto
maton is impossible.4 In this case, we have to introduce a generating function 
1/1 (II). 

In the propensity automata, the "state" is either the propensity functions 
or a generating function. In either case it is a continuous function. If the 
relation between [< II + 1 ) and [< II) , or between 1/1 ( II + 1 ) and 1/1 (II) , is a deter
ministic function, then one could say that it is a deterministic automaton 
with continuously many possible states. But such a statement does not 
eliminate the fundamental difference that is brought about by the propensity 
function. 

Another advantage of using the propensity function in the learning theory 
is that we can characterize the behavioral aspect of learning by the inverse 
H-Theorem, defining the entropy function 

(4.10) S(II) = - ~ [<II) (Ai, x) 10g[<lI) (Ai, x). 
i = 1 
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Since the convergence of behavior in learning means a concentration of 
response probabilities on fewer and fewer response patterns, the essential 
trend in learning must be expressed as a decrease of the response entropy 

(4.11) dS(v) 
--';;;;0 

dv 

for larger v. See note 14,15. 

5. PROPENSITY FUNCTION 

What we have seen in the last section about psychological observation will 
serve as a hint as to how we should generalize the classical idea of charac
teristic function (2.1) and (2.2). We have to emphasize that what we now 
propose is supposed to be the foundation of logic valid also beyond the 
boundary of a particular domain of science, psychology. 

For the present, the idea of self-identical object x will be retained, relegat
ing, however, to a later scrutiny what kind of interpretation we should give 
to this idea. We should in the meantime keep in mind that the self-identity 
of an object is, in the final analysis, to be specified by a series of previous 
observations. Another thing to remember is that the object itself is considered 
to change with time. This is true also of the classical characteristic function. 
Relation (2.1) may be true of an object at a certain time, but at another 
time, relation (2.2) may become the case. At a given time either (2.1) or 
(2.2) is true. As a result, whenever necessary we shall write x(t), and other
wise simply x . 

In the general case, the object could be also an abstract entity, and the 
ground of verification could be a highly theoretical argument. But, in classical 
logic, too, the prototype of judgment is to be found in a simple observation 
performed on a concrete object. For this reason, we start by assuming that 
the predicate can be considered to be a result of certain observation A. The 
important axiom in the classical case is that, for a given x and for a given 
A and at a given instant t, the result of observation is uniquely determined. 
Therefore, the result can be considered as a fixed attribute of the object. But, 
we now assume that at any given t the result is not uniquely determined by 
x and A . 

We replace the binary-valued characteristic function (2.1) and (2.2) by 
a continuously-valued propensity function: 

(5.1) O';;;;f(A,x(t))';;;;1. 
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The observational result is no longer an attribute. We intentionally use the 
same symbol [ as in (2.1) and (2.2) as a reminder that it is the generalization 
of the binary characteristic function. 

The change of the theoretical status of a predicate from a fixed attribute to 
an observational result may be interpreted as a shift from a realistic viewpoint 
to a positivistic viewpoint. I would call this a strategic positivism - with a 
latent desire to find a higher-level reality. Einstein with his definition of 
length and time was accused of being positivist. Heisenberg's vivid description 
in his 'Der Teil und das Ganze'16 of his intimate conversation with Einstein 
makes it clea.r that Einstein's real intention was far from being positivistic. 
Heisenberg himself with his matrix mechanics was accused of being positiv
istic, but his true intention would have been better characterized by what I 
call strategic positivism. The healing effect of this assumed philosophical 
attitude resides in destroying the idols of the theatre. 

The observation A is supposed to give either an affirmative or a negative 
result at each act of observation. The value of the propensity function is 
to be interpreted as the degree of expectation of obtaining the affirmative 
result. Each result is binary; what is graded is our expectation. Here lies a 
great difference between the propensity function and the membership func
tion of the fuzzy set theory. In fuzzy set theory, the result of observation or 
of determination itself is graded. 

The propensity function is like a probability, but to those who cannot 
accept the idea of probability except by assuming the underlying Boolean 
lattice or a-algebra, we should say that it is the degree of expectation that 
appears in the foundation of subjective probability in the sense that human 
beings behave so as to maximize the expected utility function 

(5.2) n 
v:: ~ vd(Ai, x) 

i = 1 

where Vi is the utility (payoff in wager) if the outcome of Ai is affirmative. 
For this assumption to be meaningful, it suffices that there exists a set of 
mutually exclusive and exhaustive alternative observational results. Each one 
is represented by Ai. This does not limit the lattice structure among the 
possible observations, Ai, B i, Ci, ... etc. Thus, the propensity function 
serves as the prototype probability which will later on develop into a full
fledged personalistic (subjective) probability. The reader should remember 
that the frequency interpretation can be derived from the subjective prob
ability, but not vice versa. 17 Karl Popper 27 attached objectivity to his notion 
of propensity, which is just an interpretation of the ordinary probability, but 
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our propensity is subjective or personalistic, and is a prototype for the full
fledged probability. 

As shown in Section 2, we can derive the structure of a distributive lattice, 
Le., the basic structure of Boolean logic, from the binary-valued characteristic 
function. If our propensity function is a generalized characteristic function, 
we have a theoretical obligation to show that the propensity function leads 
to a generalized structure that contains the Boolean lattice as a special case. 
This is the second difference of our theory from the fuzzy set theory which 
arbitrarily adopts the Boolean lattice of predicates out of the blue sky. 

The propensity function in the present formulation was first published in 
a printed form in 1969,21 but the idea was already present in an internal pub
lication of the IBM Research Center around 1957, and was used extensively 
in my course entitled 'Physical Information Theory' at the Yale Physics 
Department in the scholastic year 1959-1960. The paper called 'Algebra of 
Observation' of 196618 also uses the basic idea underlying the propensity 
function. See also Note 19. 

6. DERIVATION OF NON-DISTRIBUTIVE LOGIC FROM THE 

PROPENSITY FUNCTION 

We shall now describe briefly, omitting mathematical complexities, how we 
can derive a general lattice from the propensity function. 

We consider dual sets of object :r = {x, y, z, . .. } and of predicates 
d = {A, B, C, ... } such that x and y can be identified with each other if 
[(A, x) = [(A, y) for all A E d and A and B can be considered equivalent 
if [(A, x) = [(B, x) for all x E .Uf. Note that the term "set" is used here in 
the metalanguage. The same term will reappear later in our system of object 
language .. 91 contains an element I/! such that 

(6.1) [(I/!, x) = 0 for all x 

and an element 0 such that 

(6.2) [(0, x) = 1 for all x. 

If A Ed and B Ed, then the ordered product A B Ed. An interpretation 
of this product is that the predicate A B is affirmed if and only if we obtain 
affirmative results both in the test of A and in the test of B, when the test 
of A follows immediately the test of B. It is a well-known fact in psychology 
that the results of two observations in general changes if we alter the order of 
the two tests. It is therefore meaningful to distinguish in general A B from 
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BA. In performing the test of AB on x, the object x can be considered to 
change after the test of B to another object, namely to x', say, if B turns out 
to be affirmative and to x", say, if B turns out to be negative. If we decide to 
write x' = Bx , this means that we have the following relations, which may be 
counted as one of the postulates of the present system: 

(6.3) [(AB, x) = [(A, Bx)[(B, x) 
[(BA, x) = [(B, Ax)[(A, x) 

If A EJlland 

(6.4) AA =A, 

for all x E ~; 
for all x E ~. 

then we say that A is a simple predicate. If A is simple we have from (6.3) 
and (6.4) 

(6.5) [(A,Ax)=l, for all x such that [(A, x) + O. 

We denote the set of simple predicates by !/. Y' c JII. If A is a psychologi
cal test that consists of question and answer, the condition of simpliCity is 
very probably satisfied. In some behavioral predicates (such as "left-turn" in a 
T-maze test), the condition of simplicity may not be satisfied. But, each step 
in a complicated test may be "simple." 

If A Ed, B EJlland A B = BA. we say that A and B are compatible and we 
write 

(6.6) A'" B. 

If A E Y', BEY: A '" B and A B = A, then we say that A implies B and write 

(6.7) A -B. 

Implication is transitive, reflexive and non-symmetric, whereas compatibility 
is non-transitive, reflexive, and symmetric. For any A E Y', we ha'!e 

(6.8) cp-A -0 or 
A cp = cpA = cp, A 0 = 0 A = A. 

Once we have implication, we can easily define conjunction and disjunc
tion. For given A E Y'and BEY'. C E Y'is said to be the conjunction of A 
and B and is denoted C = A n B if and only if C - A, C - Band Q - C 
whenever Q E Y' and Q - A and Q - B. By interchanging - with +- and 
n with U, we obtain the definition of disjunction. We can show that the 
infinite product of A and B is equivalent toA n B: 
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(6.9) A nB = .. . ABAB ... 

If A -- B, then 

(6.10) A nB=AB=BA. 

The negation is defmed by 

(6.11) f(IA,x)= I-f(A,x) for all x. 

These definitions are sufficient to prove that Y constitutes a comple
mented lattice, namely, we can prove for n, U and I, the idempotent law, 
commutative law, associative law, absorptive law, law of double negation, 
law of contraposition, law of self-contradiction, de Morgan's law and the law 
involving I/> and O. It is important to note that the distributive law cannot be 
proven on the present assumption. See the papers quoted in Notes 18 and 21 
for an example of actual violation of the distributive law. 

If A = 18, we have 

(6.12) AUB=O and A nB = 1/>. 

But the converse is not in general true. To prove the converse, we need the 
distributive law. In the present case, we have that the three relations A -+ B 
and A n B = A and A U B = B are mutually equivalent. If A -+ B, we have 
A ::> B = IA U B = 0, but the converse is true only if the distributive law is 
available. 

For later use, we add two theorems that are valid in the general lattice. 
Since De Morgan's law is valid here too, we can evaluate the propensity 
function of disjunction with the help of (6.11) and (6.9) as follows: 

(6.13) f(A UB,x)= 1-f(IA n IB,x) 
= I - f( ... IA IB IA IB ... ,x ) for allx. 

Combining (6.11) and (6.3), we obtain 

(6.14) f[(IA)B,x] +f(AB,x)=f(B,x) for all x. 

7. DERIVATION OF BOOLEAN LOGIC FROM THE PROPENSITY 

FUNCTION 

In classical physics and many other sciences which try to imitate classical 
physics, there is no such thing as incompatibility of two observations. We 
assume therefore in this section that the predicates under consideration 
are all mutually compatible. This assumption, as can be seen from (6.3), is 
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implied by, but does not necessarily imply, another assumption, usually taken 
for granted, that the effect of observation on the object can be made as 
small as desired. We shall see that the Frege principle is reestablished in our 
system if we assume universal compatibility. 

If we limit ourselves to those predicates such that any pair of two among 
them are compatible, we obtain a sublattice within a general lattice. This is 
intuitively understandable for the following reasons: (i) Since A n H -- A 
-- A U H we can conclude, due to the premise of (6.7), that (A n H) ,..., A ,..., 
(A U H) ,.., (A n H). Hence, if A ,.., H, we have that A, H, A n H, A U H are all 
mutually pairwise compatible. (ii) Since A and ...,A are decided by the same 
operation, if A ,..., H, then A, H, ...,A, ...,H are all mutually pairwise compatible. 
(iii) I/> and 0 are compatible with any predicate due to (5.8). Hence, starting 
with mutually compatible predicates we can form a lattice '"hose elements 
are all mutually compatible. 

Now, the most important thing is to note that among mutually compatible 
predicates, the distributive laws hold. As we prove at the end of this section, 
under the assumption that A ,.., H"" C,.., A, we can prove with the help of 
(6.11), (6.13), (6.14) that 

(7.1) A U(HnC)=(A UH)n(A UC); 
A n(HUC)=(A nH)U(A nc). 

This completes the task of deriving the Boolean logic from the propensity 
function without resorting to the Frege principle. The formal language of 
non-distributive logic allows a sub-language of distributive lOgic. This is an 
important feature of our theory. Any attempt to introduce a new logic must 
see to it that the Boolean logic is allowed in a special case, first because the 
Boolean logic has defmitively a domain in which it is valid and useful and 
second, the metalanguage in which the formal logic is formulated necessarily 
uses the Boolean logic. 

What has been done has the following significance. The fact that the non
distributive lattice can be derived from the transitive relation of implication 
is known to those who are familiar with the lattice theory. 22 The introduction 
of the propensity function, the definition of implication in terms of the 
propensity function and the proof of distributive laws from the assumption 
of compatibility are my contributions. A central role in this whole derivation 
is played by the idea that the most important relation in logic is the implica
tion relation. 1 earlier called this the Peirce principle 23 because he wrote 
once: "I have maintained since 1867 that there is but one primary and funda
mental logical relation, that ofillaton, expressed by ergo." 24 



300 SATOSI WATANABE 

Proof of the Distributive Law 

Since all predicates are assumed to be compatible, the conjunction and pro
duct are equivalent. If we prove that 

(7.2) [[A U(Bne),x] =[[(A UB)n(A UC),x] 

for all x, then the first of the two distributive laws (7.l) will be proven. 
In the following we omit x from the formulae for simplicity, but all the 
formulae are valid for all x here. 

By (6.13) and compatibility, we have 

[[A U (B n e)] = 1 - [[iA i (B n e)] . 

By repeated use of (6.l4) we can rewrite successively the left-hand side of 
(7.2) as follows, keeping compatibility in mind 

[[A U (B n e)] = 1 - f(iA) + f(iABC); 
= 1 - [f(iABe) + f(iABiC) + f(iA iB)] 

+ f(iABC); 
=1-f(iABie)-f(iAiB); 
= 1 - f(iABie) - fnA iBe)
f(iA iBie); 

where negation operates only on the symbol that immediately follows. On 
the other hand, we can step by step rewrite the right-hand side with the help 
of (6.1 1), (6.l3), (6.14), as follows: 

[[(A UB) n (A U e)] = f(A UB) - [[(A UB) i(A U C)]; 
= f(A UB) - [[(A UB) iA ie]; 
= f(A U B) - {t(iA Ie) - [[CiA iC) 

i(A UB)]}; 
= f(A UB) - f(iA Ie) + 
f(iA ieiA iB); 

=f(A UB)-f(iAie)+ 
f( iA iB Ie) (simplicity of iA); 

= 1 - [[i(A UB)] - f(iA Ie) + 
f(iA iBte); 

= 1 - f(iA iBe) - f(iA iBie)
f( iAB Ie) - f( iA iB Ie) + 
fCiA iBiC); 
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= I - [(IA IBC) - [(lAB Ie} -
[(IA IBIC). Q. E. D. 

The second equation of (7.1) can be proven in a similar fashion. 

8. PROBABILITY, CHARACTERISTIC FUNCTION AND EXTENSION 

DERIVED FROM PROPENSITY FUNCTION 

We have stated that it is contrary to the natural structure of our experience 
that we have to establish first the Boolean logic (or the a-algebra) before we 
can introduce the idea of probability. I would rather maintain that probability 
precedes logic. Our foregOing theory-building followed this natural order 
because we derived the logical structure from a probability-like propensity 
function. It still remains to be shown that propensity function, in the dis
tributive case, reduces to the ordinary probability. At the same time, it 
would be our theoretical obligation to clarify the relationship between the 
continuously-valued propensity function and the binary-valued characteristic 
function, because we claim that the former is a generalization of the latter. 

If all the predicates are mutually compatible, the lattice becomes distri
butive. For simplicity let us assume that the number of members of the lattice 
are finite. It is a well-known theorem that among the members of a fmite 
distributive lattice there are a finite number of atoms, al> a2, ... , an such 
that ai n aj = <P if i f j and al U a2 ... U an = 0, and <P ~ A ~ ai implies 
that A is <p or ai. 36 With the help of some of the atoms, any member A of the 
lattice can be expressed as their disjunction. A = Ufome ai where i runs over a 
subset of atoms such that ai ~ A. [Note that the lattice theoretic atom is 
different from the atom oflogical atomism] . 

We have defined the negation by (6.11), but we can now use it as a law to 
clarify the property of the propensity function. Since A nlA = <p, (6.12) 
and [(0, x) = 1 (6.2), we can write (6.11) as 

(8.1) [(A,X)+[(IA,x)=[(A UIA,x), 

where A nlA = <p. If we apply this to a sublattice consisting of <p, ai, a2, 
al U a2, we obtain 

(8.2) [(al,x)+[(a2.x)=[(al Ua2'X), 

From (8.2) we can infer that if 

A = a . ~ A ai, then 
I _ ~ 

[(A, x) - ai EA [(ai, x). (8.3) 
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From this we conclude that if A and B have no common element, Le., if 

A n B = tJ>, then 
(8.4) [(A UB, x) = [(A, x) + [(B, x). 

This, together with (6.l) and (6.2), constitutes the axioms of probability. 
It has been shown25 that in the presence of the distributive law, we can 

derive from (8.4) for the case where A n B = tJ> is not necessarily true the 
famous formula of probability: 

(8.5) [(A nB, x) + [(A U B, x) = [(A, x) + [(B, x). 

In short, we have thus derived the probability function from the propensity 
function in the compatible case. 

We have seen that we have in general [(A, Ax) = I provided [(A, x) :f 0 
for any x. See (6.5) above. In general, an object ~A that satisfies [(A, ~A) = 1 
will be called the proper object of predicate A. In particular an object ~i such 
that 

(8.6) [(ai,~i)=I; [(ai,~i)=O in 
will be called the atomic proper object corresponding to atom ai. Hence 

(8.7) [(A, ~i) = 1 if ai ---+ A 
ifqi-+ A. =0 

Since, according to our assumption at the beginning of Section 7, the relation 
(8.7) is the fixed property of the object. This is precisely the characteristic 
function in the classical sense. That is to say, the continuously-valued propen
sity function reduces to the binary function, in the mutually compatible case, 
if the objects are limited to the atomic proper objects of atoms of the lattice. 

This does not preclude the existence of non-binary values of the propen
sity function even in the case of mutually compatible predicates. Suppose 
that the specification of the object is not precise and it describes the object 

n 
only by probability Pi that it is ~i' with Pi ~ 0, . ~ Pi = 1. Then the propen-
sity of x affirming predicate A will be I = 1 

(8.8) 

(8.9) 

n 
[(A,x)= ~ [(ai,x) 

i = 1 
[(ai, x) = Pi. 

and 

This corresponds to the case where owing to our ignorance we cannot 
specify the object as an atomic proper object. Since the purpose of the present 
paper is to establish the Boolean logic and the concept of probability on a 
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basis other than the Frege principle, we do not go into the details outside the 
Boolean logic and Kolmogorovian probability, but we can show that our pro
pensity function can express in the general case both kinds of stochasticity: 
(I) stochasticity due to our ignorance (2) essential stochasticity which cannot 
be eliminated by sharpening our knowledge. In the compatible case, the 
probability is due to our ignorance. 

Suppose in the present compatible case, that the objects are all well defined 
so that f( Oli, x) = 0 or 1. This will divide all the x's under consideration into 
those which have f( Oli, x) = 1 for Oli ---+ A and f( Oli, x) = 0 for Oli ---fr A. 
The collection of the first group makes the well-defined extensions of the 
predicate A. Thus, we land the Frege principle from the propensity function 
and the compatibility assumption. The idea of extension in combination of 
Boolean lattice laws can lay the foundation of non-axiomatic set theory. 

9. SELF-IDENTICAL OBJECT, ONTOLOGICAL PROBLEM 

Immediately after the passage I quoted, Peirce continues: "A proposition, for 
me, is but an argumentation divested of the assertoriness of its premiss and 
conclusion. This makes every proposition a conditional proposition at bot
tom."24 A few pages later,26 he states: " ... This is the very same relation 
which we express when we say that 'every man is mortal,' or 'men are exclu
sively mortals'. For this is the same as to say, 'Take anything whatever, M, 
then if M is a man, it follows necessarily that M is mortal.' " 

This remark by Peirce is in agreement with what I said earlier, in Section 
3, about the self-identity of an object. A (a), or in terms of the classical 
characteristic function, f (A, a) = 1, acquires meaning only if we know how 
we should recognize something as a (where a is a value of variable x). If the 
a-ness is observationally defined, then we can make sense out of what Peirce 
said. 

In (6.5) we had 

(9.1) f(A, Ax) = 1 providedf(A, x) =/=0. 

More generally, if 

(9.2) B---+A thenf(A,Bx) = 1 providedf(B,x)=l=O, 

sincef(B, x) = f(AB, x) = f(A, Bx)f(B, x). See (6.3) and (6.7). 
These relations (9.1) and (9.2) are particularly interesting in that they 

make the notion of the object dependent on the past observations. Bx is the 
object that is left behind after the affirmative observational result obtained 



304 SATOSI WATANABE 

on x. In general, we have already done several observations on anything of 
which we speak. These observations make it possible for us to identify the 
object. 

To make our discussion simple, let us limit ourselves to the Boolean case 
and assume that there is no spontaneous time-dependent change of the object. 
Suppose we have done a series of observations A, B, ... , C. Then we have in 
a similar manner as in (9.2): 

(9.3) 
(9.4) 

[(Q, C ... BAx) = 1 
A()B() ... ()C~Q 

what is required of x is only 

(9.5) [(C .. . BA, x) f O. 

if 

The two relations (9.3) and (9.4) can be interpretated as a kind of modus 
ponens that if P = A () B () ... () C implies Q, then the object Px = a that 
gave an affirmative result on the P-test is bound to give an affirmative result 
on the Q-test. The object x is only required to have a non-zero probability 
of giving an affirmative result on P. If we write (9.3) in the form [(Q, a) = 1, 
or Q(a), and if we define the a-riess by P, then (9.3) and (9.4) correspond 
precisely to Peirce's idea that Q(a) is to be interpreted as meaning that if 
something is a, then it is Q. In the non-Boolean case we cannot necessarily 
replace C ... BA by a simple predicate C () ... () B () A, which would make 
the Peircian formulation somewhat more complicated. 

It may be noted that (9.4) means in the Boolean case that all the atoms 
that constitute A () B () ... () C in the sense of (8.3), are included among 
the atoms that constitute Q. (9.5) means that there is non-zero probability 
of x being one of the atoms of A () B () ... () C. 

In the Boolean case, we can translate Quine's ontology 28 as follows. 
Anybody who states that x([(Q, x) f 0) is committed to the existence of 
x which is Q, because he states that there is an object such that it has a non
zero probability of satisfying Q. This is a straightforward generalization of 
Quine's theory. In the non-Boolean case, however, such a generalization does 
not work. The reason is that it can very well happen in the non-Boolean case 
that both [(Q, x) = 0 and [(QP, x) = [(Q, Px)[(P, x) f 0 are true. The 
object x has a zero probability that it· satisfies Q if we directly observe it, but 
may have a non-zero probability of satisfying Q if we observe P before the 
observation of Q. We can neither say that there is something that is Q nor 
that there is not. This shows that in the non-Boolean case, we have to alter 
fundamentally our usual notion of reality. 
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10. QUANTUM LOGIC 

It is well known that the observational propositions in quantum mechanics do 
not satisfy the distributive laws. Since our purpose in this paper is to show 
that the foundation of the non-distributive logic can be laid without resorting 
to experimental facts about specifically atomic phenomena and the Boolean 
logic can be located as a special case within this broader logic, we do not go 
systematically into the details about quantum mechanics. There have been 
a large number of papers written about quantum logic. See, for instance, 
the literature quoted by Jammer, Note 19. See Note 21 for derivation of 
quantum logic from the propensity function. We shall therefore limit ourselves 
here to pointing out some of the salient points in the connection between 
the present formalism and the standard quantum mechanics, without giving 
exact definitions or proofs. 

In physics, a physical quality Q has usually more than one possible obser
vational outcome: q\, q2, .... What corresponds to our atomic observational 
predicates (Xi is of the form: "The outcome of observation of Q is qj", (when 
qi is non-degenerate). When the q's are discrete, we can still speak of atoms 
in the non-Boolean case, although there is more than one set of atoms in a 
finite non-Boolean lattice. It is assumed that, after giving an affirmative result 
in (Xi the object takes up the "quantum state" l/I = ~i. It is to be expected that 
the object (quantum state) changes with time starting with ~i right after the 
observation of (Xi. The law governing this temporal change (without obser
vation being made during the period) is the Schrodinger equation. Suppose 
the object l/I represents the state of the system at the time when a next 
observation A is made. The probability of obtaining the affirmative result on 
the A -test or the propensity function teA, x) is given by a formula of the 
type: 

(10.1) t(A,x)=jl/l*Al/IdV 

where the wave-function or state-function l/I is usually a function of space 
and time and plays the role of the object x. d V is the spatial volume element. 
A is to be expressed as a Hermitean operator. What is important here is that 
even if l/I is an atomic proper object, teA, x) is not necessarily 0 or 1. This 
is due to the essential stochasticity. This is related to the fact that there are 
many sets of atoms. In general, the object can be expressed by a density 
matrix, which is a statistical ensemble of l/I's involving stochasticity due to 
ignorance. Thus, we have in general here two kinds of stochasticity coexisting. 

In a non-Boolean lattice, each of many sets of atoms in general cases, 
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consists of infinitely many atoms. But, if we limit ourselves to a subuniverse 
of discourse that contains a finite number of atoms, we have the modular 
law: if A -+ C, then 

(lO.2) A U(BnC)=(A UB)nc. 

This amounts to admitting the distributive law 

(lO.3) A U (B n C) = (A U B) n (A U C) 

in case A -+- C, because A U C = C. 
Birkhoff and von Neumann in 193629 introduced quantum logic basing 

themselves on the formulation of quantum mechanics in terms of the Hilbert 
space. Husimpo in 1937 tried to obtain the quantum logic directly from some 
elementary facts about observations in atomic physics. It was my belief that 
the non-distributive logic would be useful in unraveling some of the delicate 
situations in fields other than quantum mechanics. It was along this thought 
that I discussed at the first Boston Colloquium for the Philosophy of Science 
the mind-body problem using the non-distributive (modular) logic.31 This 
time, I used psychology to derive the idea of the propensity function leading 
to the non-distributive logic. Even if psychology turns out to be a ladder 
which we have to take away after we get up, the approach adopted in this 
paper may be regarded as a new method of derivation of the non-Boolean 
logic as well as the Boolean logic without using the Frege principle or quan
tum mechanics. 

University of Hawaii, Honolulu 
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